The thermodynamic and magnetic properties of a single impurity Anderson model that describes Ce in an environment with hexagonal symmetry is treated within the noncrossing approximation. It is found that the properties of the system at temperatures larger than the crystal field splitting are described by a Kondo temperature of the sixfold-degenerate spin-orbit multiplet and at low temperatures by a highly renormalized Kondo temperature of the crystal field ground state. The inelastic neutron scattering spectra exhibits a quasielastic and inelastic component. The results are compared with the concentrated heavy-fermion compound CeAl 3 . The system is well described by the single-impurity Anderson model at temperatures above 1 K, with the crystal field scheme determined by Goremychkin et al. from inelastic neutron scattering experiments. The excellent agreement may be due to the small variation of the f occupation number with temperature in heavy-fermion systems. However, the single-impurity model fails to describe the peak in the ratio C(T)/T found in earlier experiments. Therefore, it is concluded that this peak is either due to the coherence of the lattice or due to magnetic interactions that may be responsible for spin-glass-like ordering.
I. INTRODUCTION
The single-impurity Anderson model 1 was developed to describe the properties of transition-metal or rare-earth impurities in a simple metallic host. The model describes both the mechanism whereby local magnetic moments are formed above a characteristic temperature T k and how these magnetic moments are suppressed and a nonmagnetic ͑Kondo͒ singlet state is produced at temperatures lower than T k . At the lowest temperatures, the solution of the impurity model exhibits a nonmagnetic Fermi-liquid behavior. 2 However, despite the single-ion character of the physics of the model, the model has also been applied to the description of the physics of concentrated heavy-fermion compounds containing lanthanide and actinide materials that share qualitatively similar properties. The initial reasoning behind the adoption of this description of the concentrated compounds was found in dilution experiments, similar to those first performed by Lin et al. 3 on CePb 3 , where it was observed that the experimentally measured properties scale directly with the concentration of Ce ions. However, similar dilution experiments on CeAl 3 show deviations from the single-impurity Fermiliquid behavior on increasing the concentration of either the La or Y atoms substituting for Ce. 4 In particular, the low-T behavior of the electronic specific heat, C(T), shows a sharp peak at a temperature that does not scale with the Kondo temperature as the Ce concentration is varied. This anomalous peak in C(T) also exists in the ordered compound, but is very sample dependent. 5 It has been suggested that the peak might be due to the RKKY-like interactions that lead to anomalous or frustrated inhomogeneous magnetic ordering in the stoichiometric compound. 6, 7 Alternatively, the deviation from the single-impurity Kondo model may be due to an insufficient number of conduction electrons required to produce a nonmagnetic state for each Ce ion. The theoretical argument about the inapplicability of the single-impurity model to a concentrated compound, due to Nozieres, 8 is based on the observation that only conduction electrons within k B T k of the Fermi energy ͑0͒ϭ0 can be involved in the production of a nonmagnetic ͑Kondo͒ singlet. Since each magnetic impurity requires at least one conduction electron to screen its moment, the total number of conduction electrons available for screening the moments is estimated from the conduction band density of states near the Fermi energy, N c c (0), as k B T k N c c (0). The exhaustion argument concludes that, when this number is be much less than the number of conduction electrons needed to screen the moment of each f ion in a concentrated compound, the standard Kondo mechanism is unable to screen the local moments. A third possibility, motivated by the observation that the static susceptibility is extremely anisotropic, 9 is that the discrepancies with the predictions of the single-impurity Anderson model may be partly due to the noncubic crystalline symmetry, which in the limit of almost integer occupation of the f levels results in a Kondo model with an anisotropic CoqblinSchrieffer interaction. 10 That is, at temperatures above the crystal field splitting the local moment undergoes spin fluctuations between the full Jϭ 5 2 spin-orbit multiplet which are partially frozen out at temperatures below the crystal field splitting, leading to an anomaly in the specific heat.
Recent low-temperature specific heat measurements 4 on substitutionally doped Ce 0.8 La 0.2 Al 3 also show a pronounced maximum in C(T) near Tϭ2.3 K. It has been suggested 11, 12 that these peaks may be described by the anisotropic spin-1/2 Kondo model. However, such peaks only occur for extremely large values of the Ising exchange J z , i.e., J z c ()Ͼ1. Furthermore, Pietri et al. 13 have performed numerical renormalization group calculations on the anisotropic Kondo model and have found that the calculated field dependence of C(T)/T is in disagreement with the experimentally determined behavior.
In this paper, we examine the properties of the singleimpurity Anderson model as calculated using the noncrossing approximation ͑NCA͒, 14 -16 in the presence of crystalline anisotropy, for nonscaling behavior. We shall use this to examine the effects of both the anisotropy and crystal field splittings on the properties of pure CeAl 3 . In particular, we shall examine the specific heat, susceptibility, and inelastic neutron scattering spectra.
II. CRYSTALLINE SYMMETRY AND IMPURITY MODEL
We shall consider the Anderson impurity in the presence of a hexagonal crystalline field. The crystalline electric field raises the symmetry of the sixfold-degenerate low-lying f electron Jϭ 5 2 multiplet into three groups of crystalline field levels. 17 With the ideal hexagonal c/a ratio, the crystal field splits the sixfold-degenerate ground-state multiplet into the three crystal field doublets ͉⌫ 7 ͘ϭ͉Ϯ 2 ͘ with energies 2⌬E, ⌬E, and Ϫ3⌬E, respectively. Analyses of inelastic neutron scattering experiments 18, 11 suggest that the crystal field splitting parameter is given by ⌬EϷ1.5 meV. On using the Coqblin-Schrieffer formalism, 10 one expects that the Kondo exchange interaction should also be anisotropic and produce an anisotropic Kondo effect.
The model Hamiltonian is given by the sum of three terms as follows:
in which the first term represents a process whereby a conduction electron tunnels into the f orbital through the centrifugal barrier and the Hermitian conjugate represents the time-reversed process. The combined spin-orbit and crystal field index is conserved in the tunneling process, corresponding to conservation of combined spin and orbital angular momenta.
III. NCA CALCULATION
We solve the U→ϱ limit of the Anderson impurity Hamiltonian within the NCA, using a Gaussian model for the bare ͑nonhybridized͒ conduction-band density of states. The density of states per site, ␣ (), for the ␣th conduction subband are assumed to all be degenerate and are given by
͑5͒
which has a half-width of W. 2 excited spin-orbit split f-level energy is located above the ground-state f-level energy by the free-atom spin-orbit splitting ͑0.27 eV͒, so we set E f (s-o)ϭϪ1.63 eV. The hybridization matrix element V is assumed to be independent of (k គ ,␣) and the magnitude was adjusted to yield the best fit with the inelastic neutron scattering data on CeAl 3 taken at Tϭ40 K.
In the limit of infinite U, the f states of multiple occupancy are projected out in the initial, final, and all intermediate states. Thus, the states can be characterized as having either an unoccupied or a singly occupied f shell. The NCA equations are obtained from perturbation theory in the hybridization matrix element by selectively summing a subset of diagrams which yield an exact expression for the selfenergy to order 1/N f , where N f is the degeneracy of the f level. 14 -16 The subset of diagrams are those which neglect all vertex corrections. The NCA equations are expressed as the coupled nonlinear integral equations for the unoccupied and occupied f level self-energies 19 which are, respectively, denoted by ⌺ 0 () and ⌺ ␣ (). The integral equations have the form
and
where f (x) is the Fermi-Dirac distribution function and the sum over ␣ runs over all the individual f states. These equations are solved numerically. The behavior of the real and imaginary parts of the empty f-state self-energy ⌺ 0 () are shown in Fig. 1͑a͒ , for Tϭ10 K. The imaginary part of the self-energy falls to almost zero near E f (⌫ 7 ) due to the cutoff originating in the Fermi function. The real part of the self-energy shows evidence of the Kondo resonance near the same energy. The logarithmic divergence in the real part, expected from perturbation theory in powers of V, is suppressed partially by the thermal broadening due to the Fermi function and also partially by the smearing due to the finite imaginary part of the occupied-state self-energy. As a result of thermal smearing, structures associated with the crystal field split Kondo resonances are not resolved at Tϭ10 K, but can be clearly observed at Tϭ0.5 K. However, at 10 K, the real and imaginary parts of the empty-state self-energy do show structure originating from the spin-orbit split excited-state Kondo resonance at an energy of roughly 0.27 eV above the ground-state resonance. The real and imaginary parts of the occupied f-state self-energies ⌺ ␣ () are shown in Fig. 1͑b͒ . For energies far removed from those associated with the Kondo resonance, the occupied-state self-energy is a factor of 14 smaller than the unoccupied-state self-energy. Furthermore, ⌺ ␣ () does not show features as sharp as those in the unoccupied-state self-energy.
To improve the numerical accuracy, a similar pair of linearized equations are also solved ͑up to a multiplicative constant͒ self-consistently for the Boltzmann weighted imaginary part of the self-energies,
and 0 ͑ ϩi␦ ͒ϭ
in which the previously found self-energies form part of the input. The partition function for the f electrons, Z f , is calculated in a processes which commences with the construction of the occupied-and unoccupied-state densities ␣ () and 0 () defined by
͑11͒
The occupied-and unoccupied-state densities of states are shown in Fig. 2͑a͒ over a wide energy scale. The unoccupied
The energy dependence of the real and imaginary parts of the unoccupied-state self-energy ⌺ 0 () is shown in ͑a͒ by the thin and thick solid lines. The energy of the Kondo bound states is given by the intersection of the dotted line, , passing through the origin with the real part of the unoccupied-state self-energy. At T ϭ10 K, the system supports a bound state corresponding to the ground-state Jϭ 5 2 spin-orbit split f level and also a second Kondo bound state corresponding to the Jϭ 7 2 spin-orbit excited f state. The real and imaginary parts of the lowest-energy occupied-state selfenergy ⌺ ␣ () are shown in ͑b͒, as thin and thick solid lines. The occupied-state self-energy has a magnitude which is a factor of N f smaller than the unoccupied self-energy. density of states shows three peaks associated with the solutions of the equation
The two low-energy peaks in the unoccupied density of states are associated with Jϭ 5 2 and Jϭ 7 2 spin-orbit split Kondo peaks. The occupied density of states also shows a sharp peak close to E f . Near the thermally smeared threshold for the imaginary part of the unoccupied self-energy, the rapid variation in the real part of the self-energy produces a dramatic narrowing of the low-energy peaks. The structure near the thermally smeared threshold is shown in Fig. 2͑b͒ . The peak in the unoccupied density of states lies at an energy k B T k * below the peak in the occupied density of states. The process of evaluating Z f is continued by the construction of the Boltzmann weighted densities, defined by spin-orbit multiplets. The occupied-state density of states only shows a single peak close to the energy of the lowest-energy Kondo bound state. The low-energy structure is shown in more detail in ͑b͒. The lowest-energy peak in the unoccupied density of states lies at an energy approximately k B T K below the peak in the occupied density of states. The structure in the spectral density 0 () is barely discernable in ͑b͒ and, therefore, is shown in ͑c͒ with a scale that has been magnified by a factor of 100. and
As seen in Fig. 3 , at low temperatures, due to the Boltzmann factor, the thermally weighted densities contain a significant amount of their spectral weight at energies far below the low-energy peaks in ␣ (). In order to avoid amplification of the numerical errors in ␣ () in the region where it is small, the weighted densities of states ⌸ ␣ () are calculated directly from the Boltzmann weighted imaginary parts of the self-energies ␣ (). The value of the f-electron partition function Z f is then calculated by imposing the normalization condition
The specific heat due to the impurity is calculated from the impurity partition function Z f in the usual way. The specific heat contribution C(T) due to each Ce impurity is given by
since we have assumed a symmetric conduction-band density of states. The temperature-dependent f-electron occupation number is then calculated from
The imaginary part of the dynamic susceptibility ␥,␦ () is calculated from the expression
in which N() is the Bose-Einstein distribution function. In the above expression, we have ignored the effect of excitations from the ground state to the excited spin-orbit level as we have only considered excitations between states with the same J values. However, these excitations can be incorporated by introducing the dipole matrix elements calculated by Balcar and Lovesey. 20 The peaks found from the spin-orbit excitations are at higher energies than the energy region of interest here, have small intensities, and are quite broad. The static susceptibility is calculated directly from the occupiedstate spectral densities ␣ (⑀) and ⌸ ␣ (⑀) in a manner physically equivalent to imposing the Kramers-Kronig relation 16, 19 
The effect of neglecting the spin-orbit excitations is found to be about only 1% of the total susceptibility. On completely neglecting the effects of states other than those in the Jϭ 5 2 spin-orbit multiplet, we find that our results satisfy the sum rule
However, due to the relatively small value of the spin-orbit splitting in Ce compared to V, and the effects of finite U, it is not expected that this sum rule should hold for the experimental data.
IV. DISCUSSION
The dynamic susceptibility of the single-impurity Anderson model, as calculated by the NCA, was fitted to inelastic neutron scattering experiments on CeAl 3 at 40 K and the measured static susceptibility at one ͑high-͒ temperature value. The best fit parameter for the hybridization seems to be Vϭ0.45 eV, which yields an almost integer value for the low-temperature f occupation, n f (Tϭ5 K)ϭ0.9611. The calculated spectra for spin fluctuations parallel and perpendicular to the hexagonal c axis are shown in Fig. 4 . The sum should be compared with the experimentally measured spectrum. 18, 11 We note that there is fair agreement; however, the experimentally determined high-energy tail of the spectrum is larger than the calculated tail. In Fig. 4͑a͒ , the spectra are shown for the temperature Tϭ20 K, while in Fig. 4͑b͒ , the spectra are shown for Tϭ40 K. The width ⌫(T) of the quasielastic component ͓or more precisely the peak position of Im z,z ()] is comparable to that measured by Murani et al. 21 and shows a characteristic ⌫͑T ͒ϭ⌫͑ 0 ͒ϩBͱT ͑21͒ temperature dependence, as seen in Fig. 5 . The energy of the inelastic peak in Im x,x () softens as T is increased. This softening occurs over the same temperature range over which n f (T) changes. Since the hybridization increases the crystal field parameters of CeAl 3 over the values found in similar rare-earth compounds, 18, 22 this softening may be attributable to the reduction of the effective hybridization V 2 ͓1 Ϫn f (T)͔ with increasing temperature. In contrast to the temperature dependence of the quasielastic peak, the half widths at half maximum of the inelastic component are relatively temperature independent. The half widths of the inelastic peak are almost equal, indicating the almost symmetric nature of the peak due to the crystal field excitations. The calculated components of the static susceptibility are shown in Fig. 6 . The calculated susceptibility tensor shows slightly less anisotropy than the measured quantities. 9 This discrepancy might be due to anisotropy in the hybridization matrix elements or perhaps deviation from the perfect hexagonal c/a ratio. The temperature dependence of the ratio of the calculated electronic specific heat, C(T), is shown in Fig. 7 . At zero field, the specific heat shows a shoulder near T ϭ6 K which is due to the Kondo doublet, and a Schottky peak near Tϭ28 K, which is due to the crystal field excitations. It is notable that while theory only shows a monotonic 16͒. The energy of the inelastic peak is marked by the solid squares and softens with increasing temperature. This softening is a result of the reduction of the effective hybridization caused by the change of n f (T) with temperature which reduces the large hybridization induced renormalization of the crystal field energies. The low-energyside half width at half maximum of the inelastic peak is shown by the crosses while the high-energy-side half width at half maximum is shown by the triangles.
increase in the C(T)/T ratio, the measured specific heat ratio shows a maximum of about 1.63 J/mol K 2 , at about T ϭ10.5 K, and is followed by a saturation at Tϭ0 to a value of 1.5 J / mol K 2 . The reasonable agreement of both the temperature dependence of thermodynamic quantities and the energy dependence of spectra measured in heavy-fermion systems with the predictions of the single-impurity model is in contrast with the marked discrepancy found in the case of Yb mixedvalent compounds. 23 In highly mixed-valent systems it is found that the temperature variation of thermodynamic functions is much slower than the predictions of the singleimpurity model. A similar change in the temperature variation between the single-impurity model and the Anderson lattice has been found in Monte Carlo calculations. 24 The protracted screening found in the lattice systems is partially due to the necessity of calculating the chemical potential (T) self-consistently. The reasonable agreement of the temperature dependence of experimental measurements on heavy-fermion systems with the single-impurity model may, in part, be due to the very limited change of the f occupation from the low-temperature value to the high-temperature value of unity. This implies that for a concentrated compound, the chemical potential should decrease by an energy of the order of (W/N c )͓1Ϫn f (0)͔ for a temperature change of the order of several T k . In this expression, N c is the total degeneracy of the conduction bands in the vicinity of the Fermi energy, and not just the number involved in screening the high-temperature magnetic moments. The decrease in the ground-state energy on increasing temperature, due to the shift in the chemical potential, may partially offset the increase in the energy caused by the unbinding of the Kondo singlet state. This competition may result in the slower temperature dependence of thermodynamic quantities in a concentrated compound than in a dilute alloy, where the shift of the chemical potential can be neglected. For the concentrated compound CeAl 3 , the shift of chemical potential is estimated to be of the order of 25 meV, whereas the binding energy k B T k for forming the Kondo singlet is estimated to be of the order of 6͓1Ϫn f (0)͔V 2 c (0)ϳ8.8 meV. Using the parameters obtained in the fit, the temperature dependence of the components of the susceptibility and specific heat are in overall reasonable agreement with the singleimpurity calculations for temperatures above a few degrees kelvin. In particular, the results show that the model exhibits two different many-body temperature scales; one scale is associated with the Kondo temperature T k of the full sixfolddegenerate f level. It is this scale that characterizes the spinflip scattering in the high-temperature regime where the excited crystal field levels are thermally populated. For temperatures below the crystal field splitting, where spin-flip scattering between the excited crystal field levels is frozen out, the relevant many-body temperature scale is the Kondo temperature T k * of with the doubly degenerate crystal field ground state. The existence of these two temperature scales was first identified by Cornut and Coqblin 25 in their explanation of two different temperature regimes of the logarithmic dependences of the resistivity on temperature for dilute Ce impurities. The value of T k is estimated by resumming low-order perturbation series as The temperature dependence of the calculated electronic specific heat, C(T), is shown for H z ϭ0 and H z ϭ10 T. The calculation shows a Schottky peak at Tϭ28 K and a low-temperature shoulder due to Kondo scattering. The calculation does not reproduce the experimentally determined peak in the specific heat ratio found at temperatures near Tϳ1 K.
field excitation energies. The high-temperature Kondo scale appears as a Curie-Weiss-like term in the asymptotic form of the susceptibility,
where 0 (T) is the susceptibility of an isolated f ion. In the crystal field analysis of the high-temperature susceptibility, 18 the Kondo temperature term is partially incorporated as a mean-field enhancement factor. The lower-temperature scale T k * is estimated to be
͑24͒
The above estimate for the low-temperature Kondo temperature T k * is not expected to be accurate as the parameters of the low-temperature model are expected to be highly renormalized by the hybridization with the higher-energy levels. A more accurate value of the low-temperature scale T k * is given by defining k B T k * as the extrapolated T→0 limit of the energy of the peak of either the Kondo feature in the joint f-derived photoemission and inverse photoemission spectrum or the quasielastic peak in Im z,z (). Thus, a more accurate estimate of the low-temperature energy scale is given by T k *ϳ5.2 K. This second Kondo temperature T k * is expected to show up as the energy scale for the low-temperature Fermi liquid.
2 However, as shown by Kuramoto and Müller-Hartmann, 15 the NCA solution exhibits spurious behavior for temperatures
, ͑25͒
which prevents the Fermi-liquid relations from being completely fulfilled. Despite the overall reasonable agreement, we find that the peak in the low-temperature specific heat near 1 K in the stoichiometric compound, 5 or near 3 K ͑Ref. 4͒ in the diluted compound, is not well described by the single-impurity model. Although we do find a low-temperature shoulder to the Schottky peak in C(T), the magnitude is considerably smaller than the experimentally determined peak, and the temperature of the maximum is an order of magnitude higher than the experimental determined temperature. The field dependence of the calculated low-temperature feature in C(T) shows, as expected, that application of a magnetic field suppresses the Kondo effect and, therefore, reduces the coefficient ␥ of the linear-T term in the low-temperature specific heat. Furthermore, the Zeeman splitting broadens the shoulder and moves it towards higher temperatures. Although these results are qualitatively similar to those found by Pietri et al. using the anisotropic Kondo model, 13 in our results, the magnitude of the peak is significantly weaker and are almost masked by the Schottky anomaly due to the crystal field splitting. This is partially due to the difference in the model and also as our parameters correspond to a much weaker value of the exchange interaction. Therefore, we conclude, like previous authors, 4, 13 that the existence of a large peak at this very low temperature is a manifestation of the onset of spatial coherence between the f ions. The present calculations contain no indication of whether this is a coherence effect associated with a paramagnetic ground state or whether the anomaly is due to weak, sample-dependent, magnetic ordering found in some experiments. However, it is interesting to note that this peak appears at a temperature of roughly T k */N* where N* is the low-temperature degeneracy 2. This agrees with the conjecture 23 that coherence effects are manifested below the coherence temperature T k /N.
In conclusion, we have shown that the properties of CeAl 3 , such as the inelastic neutron scattering spectra, the temperature dependence of the anisotropic static susceptibility, and specific heat above Tϭ1 K, can be described reasonably well by the single-impurity Anderson model with spin-orbit coupling and the hexagonal crystal field scheme proposed by Goremychkin et al. 18 The fits to the hightemperature behavior indicate that any anisotropy in the hybridization is small. However, the calculations do not reproduce the small peak found in the C(T)/T ratio at very low temperatures. This is presumably either due to coherence effects of the lattice or anomalous spin-glass-like ordering which has been proposed to occur in La-diluted CeAl 3 .
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